We deal with supports of tensor products of irreducible representations of locally compact groups. The main result describes the structure of almost connected groups for which tensor products of representations in the reduced dual have compact supports. An immediate consequence is that an infinite almost connected group cannot have a compact reduced dual. Furthermore, the continuity problem for these supports is studied.
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Let G be a locally compact group and G the set of all equivalence classes of irreducible unitary representations of G. G', equipped with the usual topology, is called the dual space of G. In this paper, we continue our studies [ 12, 131 of problems related to supports in G of tensor products of irreducible representations of G.
It is a consequence of the Pontrjagin duality theorem, that a locally compact abelian group with compact dual is discrete. However, easy examples show that a non-abelian locally compact group need not be discrete even though its dual space is compact. It was this fact which motivated us to investigate the connection between the compactness of supports of tensor products of irreducible representations and the group structure.
Section 1 contains some preliminary facts on compactness in dual spaces and a thorough look to groups with small invariant neighbourhoods of the identity. Our main result is proved in Section 2 and can roughly be stated as follows. Let G be an almost connected group, and suppose that for all rc in the so-called reduced dual of G, the tensor product n@ X (where ii denotes the conjugate of rc) has a compact support. Then G is a finite extension of a direct product of a vector group and a compact group. 135 Finally, in Section 3, we are concerned with the continuity of the mapping (71, p) -+ supp II @ p from G x G into the space of all closed subsets of G, endowed with Fell's topology [4] . This question has already been studied in [ 133, and the result we obtain here is largely based on [ 131. It turns out that for an amenable Lie group G, the continuity of this mapping is equivalent to that every conjugacy class in G is relatively compact.
PRELIMINARIES AND COMPACTNESS IN DUALS
Let G be a locally compact group and C*(G) the group C*-algebra of G. We use the same letter z for a unitary representation of G and the corresponding *-representation of C*(G), and ker x always denotes the C*-kernel of 'II. The set Prim C*(G) of primitive ideals of C*(G) carries the hull-kernel topology, and the dual space G of G is the set of equivalence classes of irreducible unitary representations of G endowed with the weak topology with respect to the mapping rr + ker rc from G onto Prim C*(G). If H is a closed subgroup of G and z a representation of H, then Ind$ 5 denotes the representation of G induced by r. Moreover, for x E G, the representation tX of xHx-' is defined by z"(y) = z(x-'yx). In case H is normal, these rx form the G-orbit G(r) of z. 1, always denotes the trivial representation of G and rr@p the tensor product of 7c and p.
If S and T are sets of unitary representations of G, then S is weakly contained in T (S< T) if n ker a 2 n ker t.
(TES TET S and T are called weakly equivalent (S w T) if S 4 T and T< S. For any unitary representation rc of G the support of x is the closed subset supp 7c = {r E 6; r < z} of G. In particular, the support of the left regular representation of G is the reduced dual G, of G. Recall that G, = G iff G is amenable [6] . For sets 17 and Q of unitary representations, it is convenient to introduce the following notations:
zz@a=(7Tow;7rrzz,wEQ} and suppn= (pEG;p<l7}.
We list briefly some classes of locally compact groups which will occur in the sequel. Here Z(G) denotes the group of inner automorphisms of G.
[SIN]:
G has a fundamental system of Z(G)-invariant neighbourhoods of the identity [ 1, p. 1441 : the semi-direct product G = Z cc IX!, where Z acts on [w by (n, x) + 8x. As a second example, consider the semidirect product G = Q-' cc 0, where themultiplicative group W = a\{O} of the rational numbers Q acts on Q = Q by multiplication, hence on 6I by the dual action, and where Q and Q" carry the dizcrete topology. In fact, there are only two orbits (0) and Q" = G( 1) in Q, so that by Mackey's theory G = @u { Indg 1 }, which is compact. Notice that G E [FD] -. Remark 1.2. Let A be a C*-algebra and B a dense *-subalgebra of A. Then SE a is contained in some compact subset of a iff there exist f E B and 6 > 0 such that 11 rc(f) /I > 6 for all z E S. The condition is sufficient by [3, (3.3.7) ]. Conversely, let C be a compact subset of A containing S, and for every p E C choosef, E B such that p(f,) # 0. Then rc(f,,) # 0 for all rc in a neighbourhood V(p) of p, and CE u,;=, I+,) for certain pj. Settingf= xi'=, f,*J, one easily checks that n(f) # 0 for all rc E C. compact lff there exists a compact subset C of fi (resp. fi,) such that Cn supp n: I H # @ for all z E G (resp. e,.). If moreover, H is normal, then this condition is equivalent to C n G(A) # 0 for all 2 E fi (resp. A,).
Proof: The necessity of the condition follows from Lemma 1.3 applied to, say, the direct sum of all 71 E G (resp. 6,). Conversely, let f E C,. 
for all x, i.e., n(f) F= 0. This proves f E ker rc 1 N. Conversely, ker 7c 1 NE n,tc ker 5.'. Thus rc I N-G(t).
Interesting questions with respect to compactness are the following:
(i) When is supp rt 0 p compact for all rc, p E G? (ii) For a closed subgroup H of G and a representation p of H, when does IndC, p have a compact support?
In Section 2, we will solve (i) for almost connected groups. In the remaining part of this section, we are going to show that (i) and (ii) can be answered completely in the case of [SIN] groups. For that we recall an important fact for GE [SIN] . Let G, denote the open normal subgroup of G, consisting of all elements with relatively compact conjugacy classes. If NE G, is a normal subgroup of G, then the group of inner automorphisms of G restricted to N has a compact closure in the full automorphism group of N [7] . It follows, that every compact subset of N is contained in a G-invariant closed compact subset. is compact. Again by Lemma 1.6, it follows that supp Z7@ Q is compact. PROPOSITION 
ALMOST CONNECTED GROUPS AND COMPACTNESS OF SUPPORTS OF TENSOR PRODUCTS OF GROUP REPRESENTATIONS
In this section we are studying the effect that the compactness of supports of tensor products of irreducible representations may have on the structure of groups. Our final result will be that mentioned in the introduction.
LEMMA 2.1. Let GE [FD] -be a connected Lie group such that supp x @ it is compact for all 71 E G. Then G is the direct product of a compact group and a vector group.
Proof: Choose a compact normal subgroup C of G such that G/C is abelian. Given rc E G, by [9, Proposition 2.11 there exists a subgroup H of G containing C and a finite-dimensional (irreducible) representation z of H such that 7t w Indg t. Then, since H is normal and dim r < co, zO%=Ind$(Indgr I H@f)>Indg(r@s)>IndE 1, -G%.
Therefore, G% is compact, and G being connected, this implies H= G. Hence G is a connected group, all of whose irreducible representations are finite-dimensional. By the Freudenthal-Weil theorem [3, (16.4.6) ], G = IWd x K, where K is compact.
LEMMA 2.2. Let G be a connected Lie group, and suppose that G contains a normal vector subgroup N such that G/N = V x K, where V is a vector group and K is compact. If supp rc @ 71 is compact for all TT E 6, then G is the direct product of a vector group and a compact group.
Proof: The main step is to prove that N is contained in the center of G. For that it suffices to show that for every J~fi, the stability subgroup Gi, of 1 equals G. We define subgroups L Proof. Note first that we can assume that G contains no nontrivial compact normal subgroup. In fact, if C denotes the maximal compact normal subgroup of G, and if G/C has been shown to be the direct product of a compact group and a vector group, then the same is true for G by Lemma2.1 since GE [FD]-.
The proposition follows by induction on the dimension of the radical R of G. Indeed, supposing that dim R > 1, there exists a normal vector subgroup N of G of positive dimension. By induction hypothesis, G/N is the direct product of a vector group and a compact group, and Lemma 2.2 now implies that G is the direct product of a compact group and a vector group. Let now H be a connected semisimple Lie group with finite center. Then H has a finite covering group G which is acceptable [23, Sect. 8.1.11. Denoting by C the kernel of the covering homomorwm, C is a finite central subgroup of G. Hence Cc A4 and rc E G/Cn 6, = I?, and supp rt @ 71 E Ei is noncompact.
Finally, consider an arbitrary noncompact connected semisimple Lie group F, and let Z(F) denote its center. Then H = F/Z(F) has a trivial center and is noncompact, for otherwise F would be the direct product of a vector group and a compact group, hence compact by semisimplicity of F. By the preceding paragraph, there exists rc E fi, 5 Fr such that supp rt 0 7c is noncompact.
Remark 2.5. We need that a projective limit G of [SIN] groups is also [SIN] . To see this, let U be a neighbourhood of e in G. Then there exists a compact normal subgroup K of G such that Kc U and G/KE [SIN] . Choose a neighbourhood V of e in G with KVc (ii) supp z @ ii is compact for all ii E 6,. (iii) G contains a subgroup of finite index qf the form V x K, where K is a compact group, V a vector group and both are normal in G.
Proof. (iii) * (i) follows immediately from Corollary 1.8. To show (ii) * (iii), we note first that if G is a connected Lie group satisfying (ii), then G is a direct product of a vector group and a compact group. In fact, if R deni the radical of G, then (ii) holds for the semisimple group G/R since (G/R), c &',. By Lemma 2.4, G/R is compact, and hence G is amenable. The assertion then follows from Proposition 2.3. Now, let G be an arbitrary almost connected group. G is a projective limit of Lie groups G, = G/K,, 1~1 [19, p. 1751 . Then (G,), E G, as K, is compact, and G, is a finite extension of its connected component.
If H is a locally compact group with (ii), then (ii) js inherited by eve<y normal subgroup N of finite index. Indeed, given z E N,, there exists rc E G, such that ~<z 1 N, and then the compactness of supp z@f follows from r@Z<rr@E 1 N and Corollary 1.5.
We conclude from this and from the first part of the proof, that every G, is a finite extension of a direct product of a vector group and a compact group. In particular, G, E As an immediate consequence of Theorem 2.6 and Corollary 1.7 we obtain COROLLARY 2.7. An infinite almost connected group cannot have a compact reduced dual.
CONTINUITY OF (x, p)-+ supp n@p
In [13, Sect. 21 we studied the continuity problem for the mapping from G x G into the space X(G) of all closed subsets of 6, where X(G) carries Fell's topology [4] . Recall that a subbasis of this topology is given by the sets (i) * (ii) has been shown in [ 13, Proposition 21 Recall that a locally compact group H is called *-regular if the canonical mapping
between the primitive ideal spaces of C*(H) and L'(H) is a homeomorphism. Then K is normal in C, A E As and r is a representation of GJK. We are going to show that C/K has polynomial growth. It will follow then from Lemma 3.3 that t < Indg;, t 1 Gj.. In fact, if C/K has polynomial growth, then the same is true for GJK, and hence G,/K is *-regular [2] , and both groups, C/K and G,/K, are unimodular [S] . Now, it follows from [8, Corollaire 111.23 that C/K has polynomial growth as soon as we have shown that every compact subset of A/K is contained in a compact C/K-invariant set. For that it suflices to prove that every element of A/K has a relatively compact orbit under t%ction of C/K by inner automorphisms. Consider the set A of all 6 E A/K such that C/K(6) is compact. Since for XEC, C(P) = &AX) is compact. Hence A" E A for all x E C. Thus, by definition of K, A separates the points of A/K and therefore is dense in A% Now, A/K = Rd x F, where F is compact. Therefore, A n @' is dense in Ii?*, and we can assume that A/K = Rd. But every continuous automorphism of a vector group is linear, so that A is a linear subspace of Rd. It follows that A = I%". Looking at the dual action on R", i.e., that by inner automorphisms on R", we conclude that every v E Rd has a relatively compact C/K-orbit. Proof of Theorem 3.1. To prove (iii) => (i), we can of course assume that G is a Lie group. Let K denote the unique maximal compact normal subgroup of G,. Then K is normal in G, and replacing G by G/K we can assume that Go has no nontrivial compact normal subgroups. The proof is now done by induction on dim Go, the case dim Go = 0 being covered by Lemma 3.2. Let dim G, 2 1 and denote by R(G,) the radical of G,. Then dim R(G,) 2 1, since G is amenable and G, contains no compact normal subgroup. Thus there exists a nontrivial normal vector subgroup V of G.
By easy calculations, it follows from these equations and the description of the topology on C?, that mapping (71, p) -+ supp 7c @ p is discontinuous in exactly those points (z, p) with X= 1 or p = 1. In particular, z-+ supp 7~ @ T? fails to be continuous only in 1 G.
